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Abstract 
In this note we present an analysis of the smoothing properties of three- and four-colour patterns for two-dimensional 
line relaxation schemes. 
Keywords: Line relaxation; Smoothing analysis; Multigrid methods 
AMS classzjications: 65N55; 65FlO 
1. Introduction 
It is well known that relaxation methods that use a red-black ordering of the grid points are very 
efficient smoothers for multigrid methods. In addition, point red-black and line Zebra schemes are 
well suited for parallel computation. 
For discretisations that use large stencils it is not possible to smooth a two-colour ordering in 
parallel because, in this case, the stencil couples points of the same colour. Moreover, if we apply 
a cell-centred multigrid method to the 2D Poisson equation we see that Zebra relaxation does not 
perform as well as expected, while a four-colour line ordering gives a parallel method with better 
convergence rate. 
The smoothing efficiency of relaxation schemes can be predicted by Fourier analysis, and a survey 
of smoothing results can be found in [5, Ch. 71. Although two-colour point and line orderings do not 
preserve Fourier modes, such schemes have also been extensively analysed, see, e.g., the previous 
reference and [4, 61. In this note we analyse the smoothing properties of some line relaxation schemes 
that use multicolour ordering. 
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2. Smoothing analysis of pattern schemes 
To analyse an N-colour pattern scheme we partition the grid, C&,, into sets V;, E, . . . , VN; such that 
each set comprises grid points (or lines) of the same colour. Each grid point can only have one 
colour; thus the sets are J$ disjoint and we have s2, = IJ 6. We then define projection operators, Ql, 
that ‘picks out’ points of different colours. 
An iteration of the multicolour relaxation consists of a sequence of N partial Jacobi-type sweeps. 
Symbolically we can write the error amplification operator of the relaxation as 
S = fi(I - Q/D-b), (1) 
I=1 
where the block diagonal D can be constructed by a combination of Galerkin operators corresponding 
to each colour 
D= CQA$. (2) 
To predict the smoothing factor we need to determine the Fourier symbol of the relaxation, ,?. 
Eqs. (1) and (z) show that we can find s if we know the symbols of the projection, Ql and of the 
discretisation A. 
The remainder of the analysis is best described in a one-dimensional situation. So - for the time 
being - we consider a 1D point scheme. We will then extend the analysis to 2D line schemes below. 
For an N-colour ordering we can find the projection operators Ql: 
Ql = PNRN, Q,=T*Ql_lT, 1=2...N, (3) 
where RN is a restriction (injection) operator from the grid L$, to the grid SzNh which is now the 
(1D) grid with spacing Nh. The restriction of a grid function, uh, is defined by 
(RN% )(jNh) = %(jNh ). (4) 
Furthermore, PN is the adjoint of R N, and T is the translation operator, 
(%z)(jh) = &((j - 1 )h). (5) 
The Fourier modes are $(8) = exp[-101, where I= fl and 8 is the phase angle. Fourier trans- 
forms for operators acting on grid functions, including restrictions and prolongations, are discussed 
by Hemker [ 11. The Fourier transform of the restriction operator is [l]; 
N-1 
i&,(e) = c ii@ - 2711/N). 
I=0 
The restriction operator aliases the N harmonic modes ti(&) = +(O - 27cnI/N). Thus the N-colour 
relaxation couples N Fourier modes. We can therefore represent the symbols of the different op- 
erators in a basis spanned by the coupled modes. The symbol of the relaxation operator, g(O), 
is then given by a square N x N matrix, the symbol of the restriction is represented by the 
row N-vector RT(O)=(l,... , 1 ), and the symbol of the corresponding prolongation as g(O) = 
( l/N)G( 0). Finally, for the translation we have ?( 0) = diag( exp[ -r&l). 
(6) 
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We want to determine the smoothing factor, p, which expresses the relaxation scheme’s ability to 
reduce high frequency (rough) error components. A Fourier mode, 8, is smooth if 42 d 8 < 42, 
and rough otherwise. Because multicolour relaxation patterns mix Fourier modes, we must project 
the relaxation operator g(0) onto the rough frequencies to determine the smoothing factor of the 
relaxation. The appropriate projection operator is given by g(0) = diag( p(81)); where p( 0) is unity 
if 8 represents a rough frequency and zero otherwise. The smoothing factor is then 
,/J = sup(p(&@(B))), -n/N d 8<rc/N, 
where p is the spectral radius of the N x N matrix. 
(7) 
We now return to two dimensions, and consider multicolour line relaxation schemes. In higher- 
dimensional situations we will have higher-dimesional Fourier modes, and we say that a multi-D 
mode is rough if one or more of its components are rough. The analysis of line schemes with one 
sweep direction follows directly from the ID description above. To find the Qi projections we take 
tensor products of the 1D projections given in (3) applied in the sweep direction and the identity 
I = [ 0 1 0] applied in the solve direction. This gives operators that picks out the grid lines. We must 
now take the supremum in (7) over -rc/N < 8i <X/N in the sweep direction and -rc d t12 < 7c in the 
solve direction. 
The analysis can also be extended to more complex patterns and higher dimensions as long as it 
is possible to express the projections Q in terms of basic restriction and translation operators. In 
general, the analysis must of course be based on multidimensional Fourier transforms. See [l] for a 
description of the appropriate operators and transforms. 
3. Four-colour line ordering for the diffusion operator 
We arrived at a four-colour line pattern in an attempt to construct a red-black ordering that mimics 
cell-centred coarsening. That is, we chose a relaxation pattern that is determined by a Zebra ordering 
of the next coarser grid. This gives an ordering in which we first relax lines number 4i - 1 and 
4i in the ‘red’ sweep, and then relax line numbers 4i + 1 and 4i + 2 in the ‘black’ sweep. Let us 
consider, say, the ‘red’ lines (4i - 1 and 4i). If we update the two lines sequentially then we really 
have a four colour line ordering. On the other hand, if we update the two lines simultaneously (by 
a coupled line solver) then we say that we have a coarse line Zebra relaxation. The analysis can be 
extended to this second case with a slight modification of the projections Qi: viz. QR = Qi + Q2 and 
QB=Q~+& 
In this section we give the smoothing factors for four-colour line relaxation and coarse line Zebra 
for the anisotropic diffusion operator 
for different values of the anisotropy factor E. We give the smoothing factors, computed from (7), in 
Table 1 We see that the four-colour ordering gives good smoothing for isotropic problems, and for 
problems with strong coupling in the y-direction. Alternating (x-sweep followed by y-sweep) four- 
colour line relaxation should therefore be a robust smoother for the anisotropic diffusion equation. 
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Table 1 
Computed smoothing factors for 4-colour-line-(X and 
coarse line zebra relaxation. Five point anisotropic dif- 
fusion operator 
& 4cyLGS CLyZ 
0.001 0.996 
0.01 0.961 
0.1 0.700 
1.0 0.140 
10.0 0.008 
100.0 3.4e-4 
1000.0 1.6e-5 
0.992 
0.925 
0.510 
0.040 
6.0e-4 
6.2e-6 
6.2e-8 
Table 2 
Average ( 1 OK” reduction of residuals) and asymptotic 
residual reduction rates. Cell-centred multigrid solution of 
the Laplace equation on a non-uniform grid 
Smoother 
ALGS 0.02 0.06 
AZ 0.07 0.16 
4cALGS 0.04 0.11 
In Table 2 we give an example of the performance of the four colour line smoother compared 
to standard line relaxations. The problem consists of solving the Laplace equation with Dirichlet 
boundary conditions, and the grid is nonuniform with a geometric stretching factor of f in each 
direction. The multigrid method uses cell-centred coarsening with piecewise constant restriction and 
bilinear prolongation and we use a V( 1,l )-cycle. Note that the relative performance of the alternating 
Zebra method compared to the sequential alternating line Gauss-Seidel is worse than we would 
expect from their respective smoothing factors. This is why we started to experiment with the four 
colour ordering. It also appears that the coarse line Zebra ordering may be an efficient smoother. 
We have, however, not tested this scheme. 
4. Three-colour ordering for second order upwind discretisation 
A three-colour line ordering was recently proposed for parallel smoothing of second-order upwind 
discretisations of the advection-diffusion equation [3]. The constant-coefficient advection-dillksion 
equation is 
a% + buy - vr(u.xx + uyy) = f. (9) 
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The Laplacian is discretised by a standard five-point stencil, and the stencil for a general second 
order discretisation of the first derivative is given by 
u,=[;(l-K) :(-5+3X) i(3-37c) i(l+rc) 01, (10) 
where K E [- 1, l] is a free parameter. This stencil can be relaxed in parallel by a three colour 
ordering. 
Relaxation cannot be applied directly to the stencil given by high order discretisation of the 
advective term, because the iteration will then diverge. Oosterlee et al. [3] instead propose a splitting 
that only includes terms that contribute to the positivity of the implicit operator, while the rest is 
treated explicitly in a Jacobi-like manner. The x-line implicit operator is then given by the three-point 
stencil 
D=[-+a(2 - K) - yI ; (a + b)(2 - Ic) + 4r -r]. (11) 
The Galerkinconstruction (2) is not applicable in this case. It is however straightforward to determine 
the symbol D from (11). We also take account of damping in the analysis, and modify the partial 
sweeps of (1) such that 
S, = (I- wQ[D-‘A), 
where ce < 1 is an under-relaxation factor. 
(12) 
We calculated the smoothing factor for the second-order upwind scheme (K = - l), Fromm’s 
scheme (K = 0), and the third order K = i scheme relaxed by three-colour line ordering for flow that 
is skew to the grid (a = b = A/2). In [3] a complete smoothing iteration consisted of two sweeps; 
the first visiting the pattern in the cyclic sequence l-2-3, and the second in the anti-cyclic sequence 
l-3-2. We give the computed smoothing factors in Table 3 for both a single cyclic sweep (in which 
the relaxation operator is S = S&S,) and for a double cyclic/anti-cyclic sweep (S =&S&S&S,). 
The smoothing is fairly good in all the cases, even in the advection-dominated regime. Note that 
the predicted smoothing factors underestimate the actual convergence factors that were reported for 
the scheme in [3]. It is however not straightforward to compare the predictions with the average 
convergence factors from the calculations. In the multigrid solution of advection-dominated problems 
with Jacobi-type smoothers there is often an initial phase of slow convergence that pollutes the 
Table 3 
Smoothing factor for three-colour line relaxation 
Diffusivity Scheme s = &&sI s = sZ&s1&&& 
w = 0.7 w=l w = 0.7 w=l 
q=l X=-l 0.186 0.341 0.032 0.120 
lc=O 0.260 0.200 0.067 0.047 
K+ 0.291 0.149 0.086 0.028 
tj = 1o-6 K=-1 0.120 0.620 0.022 0.345 
K=O 0.298 0.166 0.087 0.043 
K+ 0.417 0.148 0.180 0.026 
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average results. This effect was also seen in the calculations with the three-colour ordering [2]. 
Fromm’s scheme seems to be the least sensitive to the choice of damping parameter. 
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